We present the generalization to space-time dimension D = 4n + 2 of the Lorentz covariant quadratic lagrangian for pairs of (anti)self-dual fields previously obtained by the authors in D = 2. In the process of BRST quantizing this lagrangian a first-order quadratic lagrangian for ghost (anti)self-dual fields is found which, after gauge fixing, can be written in terms of bispinors and it turns out to be a Kähler-Dirac lagrangian. The coupling to gravity is straightforward and the gravitational anomaly due to (anti)self-dual fields is obtained directly from an action principle.
Introduction
Relativistic covariant lagrangians for fields describing particles carrying arbitrary irreducible representations (irreps) of the Poincaré group have been extensively studied. For massless fields in space-time dimension D these irreps correspond to the irreps of the little group SO (D−2) . For all these irreps there is a relativistic covariant lagrangian formulation [1] involving SO(D − 1, 1) covariant fields except for the (anti)self-dual ones which appear only when D = 4n + 2 ‡1 . These (anti)self-dual irreps of the little group are described by SO(D − 1, 1) fields whose field strengths satisfy a (anti)self-duality condition. Among all the (anti)self-dual irreps, the simplest case correspond to irreps which contain totally antisymmetric tensors; we will consider only this case.
It has been shown in ref. [2] that a relativistic covariant quadratic lagrangian for a single (anti)self-dual field does not exist; it is however possible, for n > 0, to write down a lightcone action. In ref. [3] a Lorentz covariant cubic action has been proposed in D = 2 and 6, in which the interaction term is the Noether term of a gauge field which can be gauged away completely. This formulation has been also presented for D = 10 in ref. [4] . The equation of motion of this Lagrange multiplier implies the (anti)self-duality condition in the field strength of the (anti)self-dual field. The cubic action in D = 2 has been studied at the quantum level in ref. [5, 6] , where it was shown that the gauge symmetry is anomalous, being similar to a gravitational anomaly [7] . To cancel the anomaly one can introduce [5, 6] a new term in the lagrangian. In ref. [6] it was shown that this cubic action can be BRST quantized only when it describes two (anti)self-dual fields. In this work a quadratic action for two chiral bosons was also discussed, starting from the canonical hamiltonian formulation for second- ‡1 We will be concerned only with real irreps class constraints of Batalin and Fradkin [8] . In this approach the second-class constraint for a chiral boson is transformed into a first-class constraint introducing a supplementary boson;
in the lagrangian formulation the supplementary field has the wrong sign in the kinetic term.
The quantum lagrangian is described by two bosons and by left-moving ghosts, which cancel out the left-moving parts of the bosons, leaving their right-moving parts, and thus describing two chiral bosons.
In this paper we construct the quadratic action for two (anti)self-dual fields in D = 4n+2, generalizing the previous result for D = 2. In the quantum lagrangian the only (anti)selfdual fields are the ghosts b and c associated to the Batalin and Fradkin construction. While the ghost c is a self-dual field and so it covariantly describes a self-dual irrep of the little group, the ghost b is algebraically anti-self-dual. An analysis of its field equation shows that b describes, as c, a self-dual irrep of the little group SO(4n). The gauge-fixing of this action needs the introduction of Lagrange multipliers. It is shown that after a Fierz transformation the gauge-fixed lagrangian is a Kähler-Dirac [9] lagrangian involving bispinors.
The gravitational anomaly due to a Kähler-Dirac field has been computed in ref. [7, 10] and it has been shown that such gravitational anomaly corresponds also to (anti)self-dual fields. Our derivation of the Kähler-Dirac action as a ghost action for the quantization of (anti)self-dual fields allows to compute the gravitational anomaly of (anti)self-dual fields directly from an action principle.
Quadratic action for a pair of self-dual fields in D = 2
Before concentrating on the case D = 2 let us review the general form of self-dual fields. 
and the self-duality condition is ‡2
A self-dual field in D = 2 is a chiral boson. In this case one has
which in light-cone coordinates reads ‡2 ,
Therefore, A is a right-moving scalar.
In ref. [6] the following quadratic action for two right-moving chiral bosons φ and ξ was proposed:
which is invariant under the gauge transformations,
(2.6) ‡2 In our conventions:
The field λ + is a Lagrange multiplier whose equation of motion leads to the first-class constraint,
On the other hand, λ + is a gauge field which can be gauged away completely. In particular, one can choose the gauge-fixing condition,
The system then reduces to the following gauge-fixed lagrangian,
with the first-class constraint (2.7). Using this constraint one can express ∂ + ξ in terms of ∂ + φ and so there is only one left-moving mode remaining. Choosing the gauge-fixing condition,
one gets rid of the remaining left-moving mode. The BRST quantization of (2.5) has been carried out in ref. [6] obtaining the same conclusions.
Quadratic action for a pair of self-dual fields in 4n + 2 dimensions
Let us now consider the general case of self-dual antisymmetric tensors in D = 4n + 2,
for n > 0. These cases differ from the two dimensional case in the fact that there is a little group, SO(4n), and the massless irreps of the Poincaré group in D = 4n + 2 dimensions can be analyzed in terms of the irreps of the little group SO(4n). All the irreps of this little group apart from the (anti)self-dual ones have a covariant lagrangian formulation in terms of SO(D − 1, 1) covariant fields [1] . The (anti)self-dual irreps are described by (anti)self-dual fields. In the case of a single real (anti)self-dual field it has been shown [2] that there is no Lorentz covariant quadratic action. To prove this it was shown that one cannot close the Lorentz algebra on the fields. Another argument to show this is to notice that a single self-duality second-class constraint leads, in the path-integral formalism, to a square root of a determinant, which cannot be identified with a Faddeev determinant coming from a first-class constraint. Therefore, it is not possible to introduce a Lagrange multiplier for the self-dual field, which is at the same time a gauge field, with gauge freedom enough to gauge it away completely. This is true at the quantum level also for the cubic action in ref. [3] , which can be consistently quantized to describe pairs of (anti)self-dual fields [6] .
We will show here that it is possible to write down a quadratic covariant Lagrangian for two self-dual fields. This lagrangian is
where,
and λ α 1 ,...,α 2n+1 satisfies the algebraic self-duality constraint,
3)
The lagrangian (3.1) is invariant under the gauge transformations, 
as it follows writing out 0 = (1 − 1) 4n+2 . Therefore, the number of components of the gauge field λ α 1 ,...,α 2n+1 is equal to the number of independent gauge parameters, and λ α 1 ,...,α 2n+1 can be gauged away completely. Let us choose the gauge fixing condition,
The gauge fixed lagrangian isL
with the first-class constraint,
where we have used the definition,
The analysis of the gauge degrees of freedom is now the same as in the case of D = 2.
Using the first-class constraint (3.8) one can eliminate the anti-self-dual part G 
Let us consider the quantization of the lagrangian (3.1), neglecting the problem of gauge fixing the symmetries of the antisymmetric tensors, which are not related to the self-duality constraint (3.8). The partially gauge-fixed quantum action is
where b α 1 ,...,α 2n+1 satisfies the algebraic anti-self-duality condition,
The ghost part of the action (3.12) contains all the information about self-duality. All the other ghosts in the quantized system are not self-dual and will not concern us anymore.
Analysis of the ghost action
We will show that the physical degrees of freedom that this lagrangian describes correspond to two self-dual irreps of the little group. ...
...
... 6) which in momentum space, after decomposing the gauge parameters ω α 1 ,...,α 2n−1 into the corresponding D independent vectors (as in (4.4)) becomes: 
2n+1 , has the following decomposition in terms of antisymmetric tensors in dimension becomes, 
To obtain a field equation of second order for b α 1 ,...,α 2n+1 , let us recall that from (4.9) and the fact that b α 1 ,...,α 2n+1 is self-dual it follows that,
and so from this equation and (4.9),
Therefore, going to momentum space p 2 = 0, and so we can choose the same frame as before p α = (p, 0, ..., p). It follows from (4.12a) that,
and from (4.11b) that the field Let us now gauge fix the lagrangian (4.1). Let us consider in particular the case D = 6
(n = 1). The generalization to arbitrary n is straightforward. The lagrangian is
where the field b α 1 α 2 α 3 satisfies the condition, 20) and where c αβ is a gauge field. After gauge-fixing, the lagrangian (4.19) becomes,
where b α and c are Lagrange multipliers. This action is a Kähler-Dirac action [9] , as can be seen by making a Fierz transformation on a bispinor ‡4 ψ ab , The lagrangian (4.21) can be rewritten as, It is simple to write down the propagator for the ghost action in this basis [7, 10] . Dirac field has been computed in ref. [7, 10] . Our analysis allows to compute the gravitational anomaly contribution of self-dual fields starting from an action principle.
